Harmonicity and spectral theory on Sasakian manifolds

Catalin Gherghet

Abstract

We study in this paper harmonic maps and harmonic morphism on Sasakian
manifolds. We also give some results on the spectral theory of a harmonic map for
which the target manifold is a Sasakian space form.

1 Introduction

The theory of harmonic maps between Riemannian manifolds endoweed with some
special structures has its origin in a paper of Lichnerowicz (see [12]) in which
he considered holomorphic maps between compact Kéahler manifolds. He proved
that such a map is not only a harmonic map but also a minimizer of the energy
functional in its homotopy class.

Tanus and Pastore developed a theory of harmonic maps between manifolds
endowed with almost contact metric structures (see [9]). Following the ideas of
Rawnsley, they introduced a notion analogous to holomorphy. Using similar tools
Chinea studied submersions between almost contact metric manifolds (see [2]). In
Section 3 we prove an analougue result to that obtained by Lichnerowicz but in
the case when the target manifold is Sasakian.

The Laplace-Beltrami operator of a compact Riemannian (M, g) can be viewed
as the Jacobi operator of a constant harmonic map from (M, g) into a unit circle
This is a good reason to study the spectral geometry of the Jacobi operator of
a harmonic map. This was done for Kahler manifolds with constant holomorphic
curvature (see [14]) and for Sasakian manifolds with constant p-sectional curvature
(see [11]). We will prove in Section 4 that the spectrum of the Jacobi operator
associated to a harmonic map determines the geometric properties as those of
harmonic morphisms in the casewhen the target manifold is a sasakian space-form.

Harmonic morphism are maps which pull back germs of real valued harmonic
functions on the target manifold to germs of harmonic functions on the domain. In
Section 5 We prove a characterization theorem for harmonic morphisms defined on
Sasakian manifolds to a Hermitian manifold. A similar type of result was obtained
by Gudmundsson and Wood but in the complex case (see [8]).
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2 Prelminaries

In this section, we recall some well known facts concerning harmonic maps on
Riemannin manifolds and almost contact metric manifolds.

Let F: (M,g) — (N, h) be a smooth map between two Riemannian manifolds of
dimensions m and n respectively. The energy density of F' is a smooth function
e(F): M — [0,00) given by
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[\

1 m
e(F), = fTrq (F*h)( ,Z Fipui, Fipus),

for any p € M and any orthonormal basis {u1,...,um} of T,M. If M is a compact
Riemannian manifold, the energy E(F') of F is the integral of its energy density:

B(F) = [ (P,

where v, is the volume measure associated with the metric g on M. A map
F € C*°(M, N) is said to be harmonic if it is a critical point of the energy func-
tional E on the set of all maps between (M,g) and (N,h). Now, let (M, g) be a
compact Riemannian manifold. If we look at the Euler-Lagrange equations for the
corresponding variational problem, a map F': M — N is a harmonic if and only
if 7(F) =0, where 7(F) is tension field which is defined by

7(F) = Tr,VdF,

where V is the connection induced by the Levi-Civita connection on M and the
F-pullback connection of the Levi Civita connection on N.

We recall now some definitions and basic formulas on almost contact metric
manifolds (see [1] for more details).
An odd dimensional Riemannian manifold M?"*! is said to be an almost contact
manifold if there exist on M a (1, 1)-tensor field ¢, a vector field £ and a 1-form 7
such that

Wr=—-T+n®¢ and 7€) =1

In an almost contact manifold we also have ¢(£)=0 and noyp = 0.
On any almost contact manifold, we can define a compatible metric that is a metric
g such that

g(pX,pY) = g(X,Y) = n(X)n(Y),

for any vector fields X, Y on M. In this case the manifold will be called almost
contact metric manifold. An almost contact metric manifold is said to be a contact
metric manifold if dn=, where Q is the fundamental 2 form defined by Q(X
Y)=g(X, ¢Y) for X, Y € I'(T'M). In analogy with the integrability condition on
almost complex manifolds, the almost contact metric structure of M is said to be
normal if

[0, @] +2dn © £ = 0,
where [p, ¢] denotes the Nijenhuis torsion of ¢, given by

[0, 0)(X,Y) = 0*[X, Y] + [0X, 0Y] — X, Y] — o[ X, pY].



A normal contact metric manifold is called a Sasakian manifold.

In 1990 Chinea and Gonzalez (see [[3]]) gave a classification for almost contact
metris manifolds through the study of the covariant derivative of the fundamental
2-form of those manifolds. An almost contact metric manifold belongs to the class
Cs @ Cg if and only if

(VxD)(Y: 2) = o AI9(X, Zn(Y) ~ 9(X, V)n(Z)50(6) +

F=9(X, eY)n(Z) + 9(X, o(Z))n(Y)]dn}

where V is the Levi-Civita connection on M. If g = ﬁén = 0 we get the class Cqg
which includes the class of Sasakian manifolds for o = 5-6Q(¢) = 1.

3 Harmonic maps on Sasakian manifolds

Tanus and Pastore developed a theory of harmonic maps between manifolds en-
dowed with almost contact metric structures (see [[9]]). Following the ideas of
Rawnsley, they introduced a notion analogous to holomorphy. In this section we
prove an analougue result to that obtained by Lichnerowicz but in the case when
teh target manifold is Sasakian.

We will prove for the begining an usefull Lemma:

Lemma 3.1. Let F : N = M be a (J, ¢)-holomorphic map from an almost Hermi-
tian manifold N (J, h) to a manifold M (p,&,n,g) which belongs to the class C5®Cs.
Then 7(F) € T'(D) if and only if M belongs to the class Cs.

Proof. Let {e1,...,en,Je1,. .., Je,} be an orthonormal local frame in TN. As F
is (¢, J)-holomorphic, we have

g(T<F)7§) = g((?ez'F*)ei"'(@JeiF*)']eivg) =
= (Ve Fiei,§) +9(Vor.c,pFvei, &) —
g<F*(v€iei + v-fei‘]ei)a 6) (1)

where V si V are the Levi Civita connections on M and N respectively.
We have to notice that F.e; and F,Je; belongs to the distribution D. Indeed,

n(Fre;) = —n(F,J%e;) = —n(@F.Je;) = 0.
Using the above remark, as V is the Levi-Civita connection, we have

g(T(F)vf) = 7g(F*6ia VF*Gq‘,g) - g((pF*ela vthxeif) -
- g(F*(veiei + vJei,Jez')ag)~

Computing now the divergence of J, we get

divd = (Ve J)ei+ (Ve J)Jei =
= ?eijeifj(?eiei)f?JeieifJ(?JeiJei):
= [ei,Jei} — J(?eiei +?J6iJ€i).



and thus - -
Ve.€i + Ve Je; = J(divd — [e;, Je;)) (2)

Now, from the relations (1) and (3), as po F. = F,0.J, the last term in (1) vanishes
and we get

g(7(F), &) = —g(Fiei, Vi e, &) — g(oFiei, Vior,e,§) (3)
As Fue;, oFe; € T(D) and because M is a manifold belonging to the class Cs5 @ Cg,
we have
VE.e,§ = —apF.e; + fF.e;
vgpF*eig =aF.e; + 590F*el

If we use the above relations in (3) and using the skewsymmetry of the fundamental
2-form €2, we get

g(r(F),§) = =28 g(Fues, Fuey).
i=1
We have just obtained 7(F) € T'(D) if and only if § = 0, that is M is a manifold
belonging to the class Cs. O

We are able to prove now the following

Theorem 3.1. Let N(J,h) be a Kidhler manifold and M (p,€,n,g9) be a manifold
belonging to the class Cs ® Cg. Then any (J, p)—holomorphic map F : N — M s
harmonic if and only if M belongs to the Cg.

Proof. We recall that for any (J, ¢)—holomorphic map F, the tension field can be
computed by

o(r(F)) = Fd(divJ) — Trnf

where B(X,Y) = (Vxp)F.Y.
Let {e1,...,en,Je1,...,Je,} be a local Hermitian frame in TN. As N is a
Kaéhler manifold, we have

div] =Y {(Ve,J)ei + (Ve J)Jei} =0
=1

and thus the above formula become
(r(F)) = =Trpp

If we look at the trace of the bilinear form 8 we have:

n

TriB = Y {(Vep)Fuei+ (Ve p)Fule;} =
=1

= Z{(VF*&,‘P)F*@Z' + (Ver.e p)pFuei}.
i=1

As M belongs to the class C; & Cg we get

T?“hﬁ = QQZQ(F*GZ', F*el)f

i=1
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and thus .
o(r(F)) = —20 3 g(Fuci, Feer)E.
i=1
Finally we obtain
T(F) = n(7(F))§
and thus F' is harmonic if and only if 7(F) € T'(D).

Using now the Lemma 3.1 we obtain that F' is harmonic if and only if 3 = 0
that is M belongs to the class Cg O

In particular, as the class Cg includes the Sasakian manifolds we get

Corollary 3.1. Let N(J,h) be a Kihler manifold and M(p,€&,n,g) be a Sasakian
manifold. Then any (J,)-holomorphic map F : N — M is harmonic.

4 Spectral geometry on Sasakian manifolds

The spectral geometry of the Laplace-Beltrami operator is a field full of interesting
and deep results. For example, we know that if the spectrum Spec(A) of the
Laplace-Beltrami operator of a compact Riemannian manifold (M, g) is the same
with those of the standard sphere (S™, can), for any n < 7, then (M, g) is izometric
with (S™, can).

As the Laplace-Beltrami operator of a compact Riemannian (M,g) can be
viewed as the Jacobi operator of a constant harmonic map from (M, g) into a
unit circle, a good subject is to study the spectral geometry of the Jacobi operator
of a harmonic map. This was done for Kahler manifolds with constant holomorphic
curvature (see [14]) and for Sasakian manifolds with constant p-sectional curvature
(see [11]). We will give new results concerning the last topic.

We recall that the Jacobi operator Jp of a harmonic map F : (M, g) — (N, h)
is defined by

JF :ZFV—RFV (4)

for any V' € T'(E), where A is the rough Laplacean associated to the induced
connection V in the induced bundle E = F~!TN defined by VxV = Vi V and

RpV =Y RN(V,F.e;)F.e;
=1

for any X € T'(T'M) and any local orthonormal frame {ej,..., ey} in TM.
Consider the semigroup e */F defined by

e_tJFV(l‘) = /M K(t,x,y, Jp)ddy(y)

where K(t,z,y, Jrp) € Hom(E,, E;) is the kernel function (z,y € M, E, is the
fiber over x). Then we have the asymptotic expansion for the L2-trace

Tr(e ") =3 "e i o (4mt) ™% > #"an(Jp), t — 04 (5)
=1

n=0



where each a,(Jr) is the spectral invariant of Jg, which depends only on the
discret spectrum:

Spec(Jp) ={M < <. A, <= o0}

Using the results of Gilkey ([7]) for the Jacobi operator Jp, Urakawa obtained
(see [14]):

Theorem 4.1. For any harmonic map F : (M,h) — (N, g) from a m-dimensional
compact connected manifold without border we have:

ag(Jr) = nvol(M, h)

ar(Jp) = %/ Thdﬂh+/ Tr(Re)don
M M

n

al7r) = 355 [ 57 = 2lnl? + 20 RulJins

+— [ [=30|RY|% + 607, Tr(Rr) + 180Tr(R%)]dd)
360 Jar
where RV is the curvature tensor of the connection V in E, defined by RY = F*RN,

and Ry, pn,Tn are the curvature tensor, the Ricci tensor and scalar curvature on
M.

Let M(p,n,&,g) be a Sasakian manifold. A plane section T),M is called a -
section if there exists a vector X € T,M orthogonal to & such that {X, X} is
a orthonormal basis of this plane section. The sectional curvature K (X, pX) =
H(X) it is called the ¢-sectional curvature (see [1]).

In analogy with the case of holomorphic sectional curvatures of Kéhler mani-
folds, the ¢-sectional curvatures determine the curvature of a Sasakian manifold.

It is known that, if on each point of a Sasakian manifold of dimension > 5 the
p-sectional curvature is independent with respect to the y-section on this point,
then this is constant and the curvature tensor is given by:

R(XY)Z = 2400, 2)X — (X, 2%} + S (X)n(2)Y -

—n(Y)n(2)X + g(X, Z)n(Y)E — g(Y, Z)n(X)E+
+QUZ, Y )X — Q(Z, X)pY +29(X,Y)pZ}

where c is the constant (-sectional curvature.

The sphere $2"*+! with the canonical contact structure induced on the unit
sphere on C"*! is an example of Sasakian manifold with the constant y-sectional
curvature ¢ = 1.

Another example is R?"™! with the coordinates (x%,y 2),1 < i < n, which
admits the Sasakian structure

n=q(dz =Yy, g = jnen+ () + (dy)).
=1 i=1

With this metric, R?"*+1! is a Sasakian manifold with the constant ¢-sectional cur-
vature ¢ = —3.



Let F : (M,h) — (N,g) be a harmonic map from a m-dimensional compact
connected Riemannian manifold without border to a (2n+1)-dimensional Sasakian
manifold with constant @-sectional curvature c.

In the following we will use the notations: a = 61'3,,6’ = %
m
|Fn|® = Zn ei)” |F* Q> = )" g(Fuei, pF.e;)?
i,j=1
m
[F*g|®> = ) g(Fiei, Fue;)?
i,j=1

m
Fr(pxnxg) =Y n(Feei)n(Fee;)g(Foei, Fue;)

ij=1

where {ej,...,en} is a local orthonormal frame on TM.
From the definition of R we have

Z g UayF*ei)F*eiava) =

= 4(an + B)e(F) — 28(n + 1)||F ||,
Using the above relations we obtain

m 2n+1
Tr(R%) = Z Z 9(R(va, Frei)Fue;, R(vq, Fuej)Fiej) =
ij=1 a=1
= (@ +9B2)|F*gl* — 4(aB + 4B8%)F*(n x 1 x g) + 282 (n + 7) || F*nl|*+
+4[8% + *(2n — 1) + 4afle(F)* — 8(25° + afn)e(F) | F*n||> — 6ap| F*Q|*.
Now we are able to obtain:

m 2n+1
|Rv||2 Z Z R(F.e;, Fiej)va, vp)g(R(Fie;, Frej)vg, vp) =
1,7=1a,b=1
= 8(a” + f%)e(F)* — 16afe(F)|| F*nl* - 2(a® + B)|| F*g||*+
+4[28%(n + 1) + 3aB]||F*Q||* + 8aBF*(n x 1 x g)
Finally, by replacing these relations in the formulas in the Theorem 7?7 we obtain:

Theorem 4.2. Let F: (M,h) — (N, g) be a harmonic map from a m-dimensional
compact connected Riemannian manifold without border to a (2n + 1)-dimensional
Sasakian manifold with constant p-sectional curvature c¢. Then

ao(Jr) = (2n + 1)vol(M, h)

2n+1
al(JF) — n6 /k[ Thd'l?h +4(an+6)/

M

e(F)ddy — 28(n + 1) /M | P nl?do,

2n+1

a2(Jr) = =355~

[ (572 = 2lpnlP + 20 Baln+
M
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+% / [2(an + B)e(F) — B(n + 1)\|F*n||2)7hd19h+
M
+§[a2(3n —2) + 60 + 37 / e(F)2ddy, + B*(n+7) / | F*n)| 495, —
M M
S0+ 608] [ QRSB +35) [P x g+

4 2
+3lo80=3n) =65% [ (PP nIPdn, + 32+ 78 [ [P glPdn.

Now we consider the case when F' : M — N is a (J,)-holomorphic from
a Kéhler manifold with dimension m = 2p, to a (2n + 1)-dimensional Sasakian
manifold with constant ¢-sectional curvature c. As we have seen, this is a harmonic
map.

Let us remark that for any X € I'(T'M) we have

N(F.X) = —n(F.J*X) = —n(¢F.JX) =0
and thus we get
IF*n)|*> =0, F*(nxnxg)=0.

On the other hand, ||[F*Q||? = ||[F*g||?. Indeed, let {e;} = {Xk, JXx} be a local
Hermitian frame in TM, 1 < k < p. Then we have

m P

IF*Q)* =3 {g(Fues, 0F.Xy)? + g(Fuei, pF JX;)?} =
1=1 k=1

=Y > {9(Feei, BT X0)? + g(Fues, FuX3,)?} =
1=1 k=1

=Y g(Fuei, Fuej)® = [|[F*g*.
i,j=1

‘We have obtained

Proposition 4.1. Let F : (M,h) — (N, g) be a (J,¢)-holomorphic map from a
compact connected Kihler manifold to a (2n + 1)-dimensional Sasakian manifold
with constant p-sectional curvature c. Then

ao(Jr) = (2n+ 1)vol(M, h)

a1 (Jr) = 2”6?” /M adPn + A(an + ) /Me(F)cwh

2n+1
aa(Ie) = T [ (572 = 2Nl + 20 R0+
360 Jy
2 4
+§(om + 6)/ e(F)ddy, + §(3a2n — 202 +6ap + ?) / e(F)2do,+
M M

3

As a first application, using the above proposition, we get

2
+7(a2+6ﬂ2—6a6+n52)/ HF*g||2d19h.
M



Corollary 4.1. Let F,F' : M — N two (J, ¢)-holomorphic maps from a compact
Kdhler manifold with constant curvature 1y, to a Sasakian manifold with constant
p-sectional curvature ¢ =1, such that SpecJp = SpecJp:. Then

(6n—4)/ o(F)d, +/ | F*gl2d9, = (6n—4)/ o(F')2do, +/ |F"*g|2d9,.
M M M M
Another application of the Proposition 4.1 is the following

Corollary 4.2. Let F,F' : M — N be two (J,¢)-holomorphic maps which are
horizontally conformal from a compact Kdhler manifold with constant curvature
Th, to a Sasakian manifold with constant p-sectional curvature ¢ = 1, such that
SpecJp = SpecJp:. Suppose that SpecJrp = SpecJp:. Then, if F is a Riemannian
submersion, F' is also a Riemannin submersion.

Proof. Let {e;}, be a orthonormal local frame on TM. As F is a Riemannian
submersion, we have F*g = h and thus

m
E 617 L

l\D\»—t

e(F) = ;Z (Fye;, Fye;)

i=1

On the other hand,

IF*gl*> = ) g(Fuei, Fue;)* = > hlei, e;)* =m.
i,j=1 i,j=1

As F’ is horizontally conformal, we have F*g = A2h, () is the dilation function of
F’), and thus
A2m

2

1 m
e(F') = §ZQ(F*61‘,F*€¢) =
1=1

|F*g|? = Z)\4 eivej)® = A'm
1,7=1

Using now the formulas obtained in Proposition 4.1 we get

/ A2dYy, = / 1dY;, / AdYy, = / 1d9,,.
M M M M

Finally from the Cauchy inequality, we obtain A2 = 1 and thus F” is also a Rie-
mannian submersion. O

5 Harmonic morphisms on Sasakian manifolds

Harmonic morphism are maps which pull back germs of real valued harmonic func-
tions on the target manifold to germs of harmonic functions on the domain, that
is, a smooth map F': (M, g) — (N, h) is a harmonic morphism if for any harmonic
function f : U — R, defined on an open subset U of N such that #=!(U) is non-
empty, the composition fo F : 771(U) — R is a harmonic function. The following



characterization of harmonic morphisms is due to Fuglede and Ishihara: A smooth
map F is a harmonic morphism if and only if F is horizontally conformal harmonic
map (see [6] and [10]). Now we look for harmonic morphisms defined on Sasakian
manifolds.

Proposition 5.1. Let M(p,&,1,9) be an almost contact metric manifold, N(J, h)
be an almost Hermitian manifold and F : M — N a horizontally conformal (¢, J)-
holomorphic map. Then the following conditions are equivalent:

(i) divd =0

(i) Tryf =0
where B(X,Y) = (VxJ)F.Y for any X,Y € T(TM).

Proof. Suppose that M is (2m + 1)-dimensional and N has the real dimension 2n.
Let {Y1,...,Y,,JY1,...,JY,} a local Hermitian frame on T'N.

We denote by {Y7",...,Y*} the unique horizontal lifts of the fields {Y7,...,Y,}
that is, Y;* are horizontal fields and F,(Y;*) = Y;.
For the normalization reasons, we define the fields X; = AY;*, where X is the
dilation function of F'. As F'is a horizontally conformal map, we have

J

and thus {X7y,...,X,} is an orthonormal system. Extend this system to a local
p-adaptated frame

{X1,...,Xn,Xn+1,...7Xm,<,0X17...,QDXn,QOXnJrh...,QDXm,f}.

It is clear that {X1,..., X, 0X1,...,9pX,, &} is a frame on the horizontal space,
and { X411, X, 0 X041, - -, X, £} are vertical fields. Then, the trace of the
biliear form g is

Tryh =3 (Va, NEX: + Y (Vox, NEoXi + (Ve )F..

i=1 =1

As F is (p, J)-holomorphic, it is not difficult to see that F.{ = 0. On the other
hand, from the construction, {X, 41, .., Xm, Xn+1,---,9Xm} i a system of ver-
tical fields, and thus

TreB = (Vx, )EXi+ Y (Vox,J)FupX; =

i=1 i=1
= (Vx, )EXi + > (VoXiJ)JF.X;.

i=1 =1

Now, using the above contruction, we have:

Tryf =Y AVr.x, JEXi—J(Vpx, X)) 4V 5 x, P EXi—J (V5. x, JF.X;)} =

i=1

A AV Ry MEY = J(V iy AEY)+V oy AP EY = J(Vyp v A FY] )} =

i=1
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=AY AVYATY: = J(VyAY) + Vv MY, = J(V v ATY)} =

=1

=2\ {Vy JYi = J(Vy, )+

i=1

+V v, J2Y; + J(V v, JY:)} =

=X {(Vy, )i+ (Vv J)JYi} =

i=1
= \2divJ

and thus
TryB = NdivJ.

Now the equivalence of the two statements is proved. O

We will prove now a characterization theorem for harmonic morphisms defined
on an almost contact manifolds to a Hermitian manifold. A similar type of result
was obtained by Gudmundsson and Wood but in the complex case (see [8]).

Theorem 5.1. Let F' : M — N be a horizontally conformal (¢, J)-holomorphic
map from an almost contact metric manifold M (¢,&,7,9g) to a Hermitian manifold
N(J,h). Then any two of the following conditions imply the third

(i) divd =0

(i) Fy(divp) =0

(#ii) F is harmonic and thus harmonic morphism.

Proof. We recall that if F': M — N is a (p, J)-holomorphic map from an almost
contact metric manifold M(p,&,7n,g) to a Hermitian manifold N(J,h) then the
tension fielf of F' satisfiyes the relation

J(7(F)) = Fy(divp) —Tryf3

If we suppose that divJ = 0, as F' is horizontally conformal (¢, J)-holomorphic,
using the above proposition, we get Try8 = 0. If moreover, F,(divy) = 0 using
the above formula for the tension field of F' we get 7(F) = 0 that is F' is harmonic.
As F is horizontally conformal, using Fuclede’s theorem we obtain that F is a
harmonic morphism. In this way we have just proved that the first two conditions
imply the third. In a similar maner we prove the other implications

O

Using the above theorem, we are able to prove the following:

Theorem 5.2. Let F' : M — N be a horizontally conformal (¢, J)-holomorphic
map from a Sasaki manifold M(p,&,n,g) to a Hermitian manifold N(J,h). Then
F' is a harmonic morphism if and only if N is a semi-Kdhler manifold.

Proof. Let {X1,...,Xm,0X1,...,0Xm,&} be a local orthonarmal y-adaptated
frame on T'M. Then the divergence of ¢ is given by

m m

divg = (Vx,0)Xi + Y (Vex,0)pXi + (Vep)E.

i=1 =1

11



As M is a Sasakian manifold, we have

(Vx,0)X; = af, (Veox,0)pXi = af
(Vep)§ =0
and thus
divp = 2nak.

But as F' is a (¢, J)-holomorphic map, we know that F.{ = 0 and thus Fi(divy) =
0.

Using now the above theorem, as F'is a horizontally conformal (¢, J)-holomorphic
map, we obtain that F' is a harmonic morphism if and only if divJ = 0, that is N
is a semi-Ké&hler manifold. O
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